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BIHARMONIC HYPERSURFACES WITH THREE
DISTINCT PRINCIPAL CURVATURES IN
EUCLIDEAN SPACE
Yu Fu
Abstract
The well known Chen’s conjecture on biharmonic submanifolds states that a
biharmonic submanifold in a Euclidean space is a minimal one ([10-13, 16, 18-21,
8]). For the case of hypersurfaces, we know that Chen’s conjecture is true for
biharmonic surfaces in E3 ([10], [24]), biharmonic hypersurfaces in E4 ([23]), and
biharmonic hypersurfaces in Em with at most two distinct principal curvature ([21]).
The most recent work of Chen-Munteanu [18] shows that Chen’s conjecture is true
for δ(2)-ideal hypersurfaces in Em, where a δ(2)-ideal hypersurface is a hypersurface
whose principal curvatures take three special values: λ1, λ2 and λ1 + λ2. In this
paper, we prove that Chen’s conjecture is true for hypersurfaces with three distinct
principal curvatures in Em with arbitrary dimension, thus, extend all the above-
mentioned results. As an application we also show that Chen’s conjecture is true
for O(p)×O(q)-invariant hypersurfaces in Euclidean space Ep+q.
1 Introduction
Investigating the properties of biharmonic submanifolds in Euclidean spaces was ini-
tiated by B. Y. Chen in the middle of 1980s in his study on finite type submanifolds.
At first, B.Y. Chen proved that biharmonic surfaces in Euclidean 3-spaces are minimal,
which was also independently proved by G. Y. Jiang [24]. Later on, I. Dimitric´ in his doc-
toral thesis [20] and his paper [21] proved that any biharmonic curve in Euclidean spaces
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E
m is a part of a straight line (i.e. minimal); any biharmonic submanifold of finite type
in Em is minimal; any pseudo umbilical submanifold Mn in Em with n 6= 4 is minimal,
and any biharmonic hypersurface in Em with at most two distinct principal curvatures is
minimal. Hence, based on these results B. Y. Chen [10] in 1991 made the following well
known conjecture:
Every biharmonic submanifold of Euclidean spaces is minimal.
In 1995, the conjecture was proved by T. Hasanis and T. Vlachos [23] for hypersurfaces
in Euclidean 4-spaces, (see also Defever’s work [19] with a different proof). However, the
conjecture remains open. The main difficulty is that the conjecture is a local problem and
how to understand the local structure of submanifolds satisfying ∆
−→
H = 0. Nevertheless,
the study of the conjecture is quite active nowadays. Recently, B. Y. Chen and M. I.
Munteanu [18] proved that Chen’s conjecture is true for δ(2)-ideal and δ(3)-ideal hyper-
surfaces of a Euclidean space with arbitrary dimension, where the principal curvatures
of such hypersurfaces takes special values. Under the assumption of completeness, K.
Akutagawa and S. Maeta [1] proved that biharmonic properly immersed submanifolds in
Euclidean spaces are minimal.
On the other hand, from the view of k-harmonic maps, one can define a biharmonic
map between Riemannian manifolds if it is a critical point of the bienergy functional. G.
Y. Jiang in [24] showed that a smooth map is biharmonic if and only if its bitension field
vanishes identically. In the past ten years, there exists a lot of remarkable work on bihar-
monic submanifolds in spheres or even in generic Riemannian manifolds (see, for instance
[3, 5-9, 26-28]). Nowadays, investigating the properties of biharmonic submanifolds is
becoming a very active field of study.
In contrast to the submanifolds in Euclidean spaces, Chen’s conjecture is not always
true for submanifolds in pseudo-Euclidean spaces. This fact was achieved by B. Y. Chen
and S. Ishikawa [16,17] who constructed several examples of proper biharmonic surfaces in
4-dimensional pseduo-Euclidean spaces E4s (s = 1, 2, 3). But for hypersurfaces in pseudo-
Euclidean spaces, B. Y. Chen and S. Ishikawa proved in [16,17] that biharmonic surfaces
in pseudo-Euclidean 3-spaces are minimal, and A. Arvanitoyeorgosa et al. [4] proved that
biharmonic Lorentzian hypersurfaces in Minkowski 4-spaces are minimal.
As we known, Chen’s conjecture for hypersurfaces in E4 and for hypersurfaces in
E
m with two distinct principal curvatures were solved by Hasanis-Vlachos and Dimitric´,
respectively. It is natural to study biharmonic hypersurfaces with three distinct principal
curvatures as the next step. Following B. Y. Chen, I. Dimitric´, F. Defever et. al’s
techniques, we make further progress on the conjecture. In a previous work [22], we proved
that Chen’s conjecture is true for biharmonic hypersurfaces with three distinct principal
curvatures in E5. In this paper, we are able to solve that general case. Precisely, we will
Biharmonic hypersurfaces with three distinct principal curvatures 3
prove that biharmonic hypersurfaces with at most three distinct principal curvatures in
E
n+1 with arbitrary dimension are minimal. As an immediate conclusion, we show that
biharmonic O(p)×O(q)-invariant hypersurfaces in Euclidean spaces Ep+q are minimal.
2 Preliminaries
Let x : Mn → En+1 be an isometric immersion of a hypersurface Mn into En+1. Denote
the Levi-Civita connections ofMn and Em by ∇ and ∇˜, respectively. Let X and Y denote
vector fields tangent to Mn and let ξ be a unite normal vector field. Then the Gauss and
Weingarten formulas are given, respectively, by (cf. [11, 14, 15])
∇˜XY = ∇XY + h(X, Y ),(2.1)
∇˜Xξ = −AX,(2.2)
where h is the second fundamental form, and A is the shape operator. It is well known
that the second fundamental form h and the shape operator A are related by
〈h(X, Y ), ξ〉 = 〈AX, Y 〉.(2.3)
The mean curvature vector field
−→
H is given by
−→
H =
1
n
trace h.(2.4)
The Gauss and Codazzi equations are given, respectively, by
R(X, Y )Z = 〈AY, Z〉AX − 〈AX,Z〉AY,
(∇XA)Y = (∇YA)X,
where R is the curvature tensor and (∇XA)Y is defined by
(∇XA)Y = ∇X(AY )− A(∇XY )(2.5)
for all X, Y, Z tangent to M .
Let ∆ be the Laplacian operator of a submanifold M . For an isometric immersion
x : Mn → Em, the mean curvature vector field
−→
H in Em satisfies (see, for instance [11],
p. 44)
∆x = −n
−→
H.
Definition 2.1. Let x : Mn → Em be an isometric immersion of a Riemannian n-
manifold M into a Euclidean space Em. Then Mn is called a biharmonic submanifold in
E
m if and only if ∆
−→
H = 0, or equivalently, ∆2x = 0.
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By Definition 2.1, it is clear that any minimal submanifolds in a Euclidean space Em
must be trivially biharmonic. A biharmonic submanifold in a Euclidean space Em is called
proper biharmonic if it is not minimal.
Let Mn be a hypersurface in En+1. Assume that
−→
H = Hξ. Note that H denotes
the mean curvature. By identifying the normal and the tangent parts of the biharmonic
condition ∆
−→
H = 0, we obtain necessary and sufficient conditions forMn to be biharmonic
in En+1, namely
∆H +HtraceA2 = 0,(2.6)
2A gradH + nHgradH = 0,(2.7)
where the Laplace operator ∆ acting on scalar-valued function f is given by (e.g., [13])
∆f = −
n∑
i=1
(eieif −∇eieif).(2.8)
Here, {e1, . . . , en} is a local orthonormal tangent frame on M
n.
3 Biharmonic hypersurfaces with three distinct prin-
cipal curvatures in En+1
From now on, we concentrate on biharmonic hypersurfaces Mn in a Euclidean space En+1
with n ≥ 4.
Assume that the mean curvature H is not constant.
Observe from (2.7) that gradH is an eigenvector of the shape operator A with the
corresponding principal curvature −n
2
H . Without loss of generality, we can choose e1
such that e1 is parallel to gradH , and therefore the shape operator A of M
n takes the
following form with respect to a suitable orthonormal frame {e1, . . . , en}.
A =


λ1
λ2
. . .
λn


,(3.1)
where λi are the principal curvatures and λ1 = −
n
2
H . Let us express gradH as
gradH =
n∑
i=1
ei(H)ei.
Since e1 is parallel to gradH , it follows that
e1(H) 6= 0, ei(H) = 0, i = 2, 3, . . . , n.(3.2)
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We write
∇eiej =
n∑
k=1
ωkijek, i, j = 1, 2, . . . , n.(3.3)
The compatibility conditions ∇ek〈ei, ei〉 = 0 and ∇ek〈ei, ej〉 = 0 imply respectively that
ωiki = 0, ω
j
ki + ω
i
kj = 0,(3.4)
for i 6= j and i, j, k = 1, 2, . . . , n. Furthermore, it follows from (3.1) and (3.3) that the
Codazzi equation yields
ei(λj) = (λi − λj)ω
j
ji,(3.5)
(λi − λj)ω
j
ki = (λk − λj)ω
j
ik(3.6)
for distinct i, j, k = 1, 2, . . . , n.
Since λ1 = −
n
2
H , from (3.2) we get
[ei, ej ](λ1) = 0, i, j = 2, 3, . . . , n, i 6= j,
which yields directly
ω1ij = ω
1
ji,(3.7)
for distinct i, j = 2, 3, . . . , n.
Now we show that λj 6= λ1 for j = 2, 3, . . . , n. In fact, if λj = λ1 for j 6= 1, by putting
i = 1 in (3.5) we have that
0 = (λ1 − λj)ω
j
j1 = e1(λj) = e1(λ1),(3.8)
which contradicts the first expression of (3.2).
By the assumption, Mn has three distinct principal curvatures. Without loss of gen-
erality, we assume that
λ2 = λ3 = · · · = λp = α,
λp+1 = λp+2 = · · · = λn = β,
n + 1
2
≤ p < n.(3.9)
By the definition (2.4) of
−→
H , we have nH =
∑n
i=1 λi. Hence
β =
3
2
nH − (p− 1)α
n− p
.(3.10)
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Since λj 6= λ1 for i = 2, . . . , n, we obtain
α 6= −
n
2
H,
3n
2(n− 1)
H,
n2 − (p− 3)n
2(p− 1)
H.(3.11)
The multiplicities of principal curvatures α and β are p− 1 and n− p, respectively.
In the following, we will state a key conclusion for later use.
Lemma 3.1. Let Mn be a proper biharmonic hypersurface with three distinct principal
curvatures in En+1. Then ei(λj) = 0 for i = 1, 2, . . . , n and j = 2, 3, . . . , n.
Proof. Consider the equation (3.5). Since n ≥ 4, it follows from (3.9) that p−1 ≥ 2.
For i, j = 2, 3, . . . , p and i 6= j in (3.5), one has
ei(α) = 0, i = 2, 3, . . . , p.(3.12)
If the multiplicity of principal curvature β satisfies n− p ≥ 2, then for i, j = p+ 1, . . . , n
and i 6= j in (3.5) we have
ei(β) = 0, i = p+ 1, . . . , n.(3.13)
Hence, the conclusion follows directly from (3.2), (3.10), (3.12) and (3.13).
If the multiplicity of principal curvature β is one, namely p = n− 1, then from (3.12)
we only need to show that en(α) = 0.
Let us compute [e1, ei](H) =
(
∇e1ei − ∇eie1
)
(H) for i = 2, . . . , n. From the first
expression of (3.4), we have ω1i1 = 0. For j = 1 and i 6= 1 in (3.5), by (3.2) we have
ω11i = 0 (i 6= 1). Hence we have
eie1(H) = 0, i = 2, . . . , n.(3.14)
By (3.12), a similar way can also show that
eie1(α) = 0, i = 2, . . . , n− 1.(3.15)
For j = 1, k, i 6= 1 in (3.6) we have
(λi − λ1)ω
1
ki = (λk − λ1)ω
1
ik,
which together with (3.7) yields
ω1ij = 0, i 6= j, i, j = 2, . . . , n.(3.16)
Moreover, combining (3.16) with the second equation of (3.4) gives
ω
j
i1 = 0, i, j = 2, . . . , n, j 6= i.(3.17)
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It follows from (3.5) that
ωii1 =
e1(λi)
λ1 − λi
, i = 2, . . . , n.(3.18)
For k = 2 and i = n in (3.6), we have
(λn − λj)ω
j
2n = (λ2 − λj)ω
j
n2,
which yields
ω
j
2n = 0, j = 3, . . . , n− 1.
Hence, from the first expression of (3.4) and (3.16) we get
ω
j
2n = 0, j = 1, 3, . . . , n.(3.19)
Also, (3.5) yields
ω22n =
en(α)
λn − α
.(3.20)
From the Gauss equation and (3.1) we have R(e2, en)e1 = 0. Recall the definition of
Gauss curvature tensor
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.(3.21)
It follows from (3.15), (3.17-20) and (3.4) that
∇e2∇ene1 =
e1(λn)en(α)
(λ1 − λn)(λn − α)
e2,
∇en∇e2e1 = en(
e1(α)
λ1 − α
)e2 +
e1(α)
λ1 − α
n∑
k=3
ωkn2ek,
∇[e2,en]e1 =
en(α)e1(α)
(λn − α)(λ1 − α)
e2 −
e1(α)
λ1 − α
n∑
k=3
ωkn2ek.
Hence we obtain
en(
e1(α)
λ1 − α
) =
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
) en(α)
λn − α
.(3.22)
Note that λ1 = −
n
2
H and λn = β =
3
2
nH − (n− 2)α in this case.
Equation (3.22) can be rewritten as
ene1(α) =
{
−
e1(α)
λ1 − α
+
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
)λ1 − α
λn − α
}
en(α).(3.23)
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By (3.23), we compute
en(
e1(λn)
λ1 − λn
) = −(n− 2)
(ene1(α)
λ1 − λn
+
e1(λn)en(α)
(λ1 − λn)2
)
= −(n− 2)
en(α)
λ1 − λn
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
)λ1 + λn − 2α
λn − α
.(3.24)
It follows from (3.5) and the second expression of (3.4) that
ω1ii = −ω
i
i1 = −
e1(λi)
λ1 − λi
.(3.25)
Now consider the equation (2.6). It follows from (2.8), (3.1) and (3.25) that
(3.26) − e1e1(H)−
((n− 2)e1(α)
λ1 − α
+
e1(λn)
λ1 − λn
)
e1(H) +H [λ1
2 + (n− 2)α2 + λn
2] = 0.
Differentiating (3.26) along en, by (3.22) and (3.24) we get
{ 2
λ1 − λn
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
)
e1(H) +H
(
− 3nH + 2(n− 1)α
)}
en(α) = 0.
If en(α) 6= 0, then the above equation becomes
(3.27)
2
λ1 − λn
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
)
e1(H) +H
(
− 3nH + 2(n− 1)α
)
= 0.
Differentiating (3.27) along en and using (3.22) and (3.24) again, one has
2n(4− n)H + 2(n− 2)(n− 1)α
(λ1 − λn)(λn − α)
( e1(λn)
λ1 − λn
−
e1(α)
λ1 − α
)
e1(H)
+H
(
(−7n + 10)nH + 4(n− 1)(n− 2)α
)
= 0.(3.28)
Therefore, combining (3.28) with (3.27) gives
3(n− 2)H [3nH − 2(n− 1)α]2 = 0,
which implies that
α =
3n
2(n− 1)
H.
This contradicts to (3.11). Hence, we obtain en(α) = 0, which completes the proof of
Lemma 3.1.
Now, we are ready to express the connection coefficients of hypersurfaces.
For j = 1 and i = 2, . . . , n in (3.5), by (3.2) we get ω11i = 0. Moreover, by the first
and second expressions of (3.4) we have
ω11i = ω
i
11 = 0, i = 1, . . . , n.(3.29)
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For i = 1, j = 2, . . . , n in (3.5), we obtain
ω
j
j1 = −ω
1
jj =
e1(λj)
λ1 − λj
, j = 2, . . . , n.(3.30)
For i = p+ 1, . . . , n, j = 2, . . . , p in (3.5), by (3.2) we have
ω
j
ji = −ω
i
jj = 0.(3.31)
Similarly, for i = 2, . . . , p, j = p+ 1, . . . , n in (3.5), we also have
ω
j
ji = −ω
i
jj = 0.(3.32)
For i = 1, by choosing j, k = 2, . . . , p or k, j = p+ 1, . . . , n (j 6= k) in (3.6), we have
ω
j
k1 = ω
1
kj = 0.(3.33)
For i = 2, . . . , p and j, k = p+ 1, . . . , n (j 6= k) in (3.6), we get
ω
j
ki = ω
i
kj = 0.(3.34)
For i = 2, . . . , p, j = 1 and k = p+ 1, . . . , n in (3.6), we have
(α− λ1)ω
1
ki = (β − λ1)ω
1
ik,
which together with (3.7) and the second expression of (3.4) gives
ω1ki = ω
1
ik = ω
i
k1 = ω
k
i1 = 0.(3.35)
For i = 2, . . . , p, k = 1 and j = p+ 1, . . . , n in (3.6), we obtain
(β − α)ωj1i = (λ1 − α)ω
j
i1,
which together with (3.35) yields
ω
j
1i = ω
i
1j = 0.(3.36)
Combining (3.29-3.36) with (3.4) and summarizing, we have the following lemma.
Lemma 3.2. Let Mn be a biharmonic hypersurface with non-constant mean curvature
in Euclidean space En+1, whose shape operator given by (3.1) with respect to an orthonor-
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mal frame {e1, . . . , en}. Then we have
∇e1e1 = 0; ∇eie1 =
e1(λi)
λ1 − λi
ei, i = 2, . . . , n;
∇eiej =
p∑
k=2,k 6=j
ωkijek, i = 1, . . . , n, j = 2, . . . , p, i 6= j;
∇eiei = −
e1(λi)
λ1 − λi
e1 +
p∑
k=2,k 6=i
ωkiiek, i = 2, . . . , p;
∇eiej =
n∑
k=p+1,k 6=j
ωkijek, i = 1, . . . , n, j = p+ 1, . . . , n, i 6= j;
∇eiei = −
e1(λi)
λ1 − λi
e1 +
n∑
k=p+1,k 6=i
ωkiiek, i = p+ 1, . . . , n,
where ωjki = −ω
i
kj for i 6= j and i, j, k = 1, . . . , n.
Let us introduce two smooth functions A and B as follows
A =
e1(α)
λ1 − α
, B =
e1(β)
λ1 − β
.(3.37)
One can compute the curvature tensor R by Lemma 3.2 and apply the Gauss equation
for different values of X , Y and Z. After comparing the coefficients with respect to the
orthonormal basis {e1, . . . , en} we get the following:
• X = e1, Y = e2, Z = e1,
e1(A) + A
2 = −λ1α;(3.38)
• X = e1, Y = en, Z = e1,
e1(B) +B
2 = −λ1β;(3.39)
• X = en, Y = e2, Z = en,
AB = −αβ.(3.40)
Consider the equation (2.6) again. It follows from (2.8), (3.1), (3.37) and Lemma 3.2 that
(3.41) − e1e1(H)−
[
(p− 1)A+ (n− p)B
]
e1(H) +H
[
λ21 + (p− 1)α
2 + (n− p)β2
]
= 0.
We will derive a key equation for later use.
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Lemma 3.3. The functions A and B are related by
[
(4− p)A+ (3 + p− n)B
]
e1(H) +
3n2(n+ 6− p)
4(n− p)
H3
−
3n(n− 2 + 4p)
2(n− p)
H2α +
3n(p− 1)
n− p
Hα2 = 0.(3.42)
Proof. By (3.37), equations (3.38) and (3.39) further reduce to
e1e1(α) + 2Ae1(α)−Ae1(λ1) + λ1α(λ1 − α) = 0,(3.43)
e1e1(β) + 2Be1(β)−Be1(λ1) + λ1β(λ1 − β) = 0.(3.44)
Since α and β are related by (n− p)β + (p− 1)α = 3nH
2
, it follows from (3.37) that
e1(α) =
3n
2(p− 1)
e1(H)−
n− p
p− 1
B(λ1 − β),(3.45)
e1(β) =
3n
2(n− p)
e1(H)−
p− 1
n− p
A(λ1 − α).(3.46)
Substituting (3.45) and (3.46) into (3.47) and (3.48), respectively, by (3.40) we have
e1e1(α) +
( 3
p− 1
+
1
2
)
nAe1(H) +
2(n− p)
p− 1
(λ1 − β)αβ + λ1α(λ1 − α) = 0,(3.47)
e1e1(β) +
( 3
n− p
+
1
2
)
nBe1(H) +
2(p− 1)
n− p
(λ1 − α)αβ + λ1β(λ1 − β) = 0,(3.48)
where we use λ1 = −
nH
2
. By using (n−p)β+(p−1)α = 3nH
2
, we could eliminate e1e1(H),
e1e1(α) and e1e1(β) from (3.41), (3.47) and (3.48). Consequently, we obtain the desired
equation (3.42).
Moreover, by using (n− p)β + (p− 1)α = 3nH
2
and (3.37) we have
e1(H) = −
[p− 1
3
H +
2(p− 1)
3n
α
]
A+
[
−
n+ 3− p
3
H +
2(p− 1)
3n
α
]
B.(3.49)
Substituting (3.49) into (3.42) and using (3.40), we get
(4− p)(p− 1)(nH + 2α)A2 + (3 + p− n)[n(n + 3− p)H − 2(p− 1)α]B2
=
n(p− 1)(−2p2 + 2pn+ 11p+ n− 12)
n− p
Hα2 −
2(p− 1)2(2p− n− 1)
n− p
α3
+
9n3(n + 6− p)
4(n− p)
H3 +
3n2(p− 1)(2p− 2n− 15)
2(n− p)
H2α.(3.50)
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Multiplying A and B successively on the equation (3.42), using (3.40) one gets respec-
tively
(4− p)A2e1(H)− (3 + p− n)αβe1(H)(3.51)
+
[3n2(n + 6− p)
4(n− p)
H3 −
3n(n− 2 + 4p)
2(n− p)
H2α +
3n(p− 1)
n− p
Hα2
]
A = 0,
(3 + p− n)B2e1(H)− (4− p)αβe1(H)(3.52)
+
[3n2(n + 6− p)
4(n− p)
H3 −
3n(n− 2 + 4p)
2(n− p)
H2α +
3n(p− 1)
n− p
Hα2
]
B = 0.
Differentiating (3.42) along e1, and using (3.38-39) and (3.41) we have[
(4− p)(
n
2
Hα− A2) + (3 + p− n)(
n
2
Hβ −B2)
]
e1(H)
−
[
(4− p)A + (3 + p− n)B
][
(p− 1)A+ (n− p)B
]
e1(H)
+
[
(4− p)A+ (3 + p− n)B
][n2
4
H3 + (p− 1)Hα2 + (n− p)Hβ2
]
+
[9n2(n+ 6− p)
4(n− p)
H2 −
3n(n− 2 + 4p)
n− p
Hα+
3n(p− 1)
n− p
α2
]
e1(H)
−
3n(n− 2 + 4p)
2(n− p)
H2e1(α) +
6n(p− 1)
n− p
Hαe1(α) = 0.(3.53)
Substituting (3.51), (3.52), (3.42) into (3.53), and using the first expression of (3.37) we
obtain
[3n2(2n− 2p+ 21)
4(n− p)
H2 −
3n(5p+ 1)
n− p
Hα+
(p− 1)(2n+ 7)
n− p
α2
]
e1(H)(3.54)
+
[n2(2pn− 2p2 + 7n+ 17p+ 30)
4(n− p)
H3 −
3n(3np+ 2p2 + 4p− 3n− 6)
2(n− p)
H2α
+
(p− 1)(2np− 2n+ p− 4)
n− p
Hα2
]
A+
[n2(2(n− p)2 + 15(n− p) + 45)
4(n− p)
H3
−
3n(n2 + np− 2p2 + 10p+ n− 8)
2(n− p)
H2α +
(p− 1)(2n2 − 2np+ 7n− p− 3)
n− p
Hα2
]
B = 0.
From (3.49), equation (3.54) further reduces to
[9
4
n3(3n− 2p+ 17)H3 −
3
2
n2(−6p2 + 11np+ 43p− 11n− 37)H2α(3.55)
+n(p− 1)(4np− 4n+ 26p+ 1)Hα2 − 2(p− 1)2(2n+ 7)α3
]
A
−
[9
2
(2n− 2p+ 3)H3 +
9
2
n2(2p2 + n2 − 3np− 7p+ n− 3)H2α
−2n(p− 1)(2n2 − 2np+ 4n− 13p− 18)Hα2 − 2(p− 1)2(2n+ 7)α3
]
B = 0.
At this moment, we obtain all the desired equations (3.40), (3.50) and (3.55) concerning
A and B.
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In order to write handily, we introduce several notions: L,M denoting the coefficients
of A and B respectively in (3.55), and N denoting the right-hand side of equal sign in the
equation (3.50). Then (3.55) and (3.50) become
LA−MB = 0,(3.56)
(4− p)(p− 1)(nH + 2α)A2
+(3 + p− n)[n(n + 3− p)H − 2(p− 1)α]B2 = N.(3.57)
Multiplying LM on both sides of the equation (3.57), using (3.56) and (3.40) we can
eliminate both A and B. Hence, we have
(4− p)(p− 1)(nH + 2α)M2α
3
2
nH − (p− 1)α
n− p
+(3 + p− n)[n(n+ 3− p)H − 2(p− 1)α]L2α
3
2
nH − (p− 1)α
n− p
= LMN.(3.58)
In view of (3.58), we notice that the equation should have the form:
a9H
9 + a8H
8α + a7H
7α2 + a6H
6α3 + a5H
5α4 + a4H
4α5 + a3H
3α6
+a2H
2α7 + a1Hα
8 + a0α
9 = 0(3.59)
for constant coefficients ai concerning n and p (i = 0, . . . , 9). Since p < n, from (3.58),
(3.55) and (3.50) we compute a9:
a9 =
243n6(n− p + 6)(3n− 2p+ 17)(2n− 2p+ 3)
16(n− p)
6= 0.(3.60)
Remark that α 6= 0. In fact, if α = 0, then (3.59) implies that
a9H
9 = 0,
which is impossible since H is non-constant and a9 6= 0.
Put Φ = H
α
. Then (3.59) reduces to a non-trivial algebraic equation of ninth degree
with respect to Φ:
a9Φ
9 + a8Φ
8 + a7Φ
7 + a6Φ
6 + a5Φ
5 + a4Φ
4 + a3Φ
3
+a2Φ
2 + a1Φ + a0 = 0.(3.61)
Clearly, the equation (3.61) shows that, even in case of the existence of a real solution, H
is proportional to α, namely
H = cα,(3.62)
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where c is a root of the equation (3.61) and has to be a nonzero constant.
At last, we will derive a contradiction. Substituting (3.62) into (3.37), and then
applying on (3.38), (3.40) and (3.41) respectively, we have
e1e1(α)− (1 +
2
nc+ 2
)
e21(α)
α
+
nc
2
(
nc
2
+ 1)α3 = 0,(3.63)
e21(α) +
(nc+ 2)
(
nc(n− p) + 3nc− 2(p− 1)
)
4(n− p)
α4 = 0,(3.64)
−e1e1(α) +
[2(p− 1)
nc + 2
+
(n− p)
(
3nc− 2(p− 1)
)
nc(n− p) + 3nc− 2(p− 1)
]e21(α)
α
+
[n2c2
4
+ (p− 1)2 +
(3nc− 2(p− 1))2
4(n− p)
]
α3 = 0.(3.65)
Substituting (3.64) into (3.63), we get
e1e1(α) +
(nc+ 6)
(
nc(n− p) + 3nc− 2(p− 1)
)
4(n− p)
α3 = 0.(3.66)
Since e1(α) 6= 0, differentiating (3.64) along e1 we obtain
e1e1(α) +
2(nc+ 2)
[
nc(n− p) + 3nc− 2(p− 1)
]
4(n− p)
α3 = 0.(3.67)
Combining (3.67) with (3.66) gives
(nc− 2)
[
nc(n− p) + 3nc− 2(p− 1)
]
4(n− p)
α3 = 0.(3.68)
Since α 6= 0, we have either nc = 2 or nc(n− p) + 3nc− 2(p− 1) = 0.
In the former case, substituting nc = 2 into (3.64) and (3.66), and then substituting
(3.64) and (3.66) into (3.65) we have
(p− 1)2 + (p− 1)− 1 +
2(p− 1)2 − 13(p− 1) + 21
n− p
= 0,
which reduces to
(p− 1)2 + (p− 1)− 1 +
2[(p− 1)− 13
4
]2 − 1
8
n− p
= 0.(3.69)
In this case, since p < n, p ≥ 2 and p ∈ Z+, we have always
(p− 1)2 + (p− 1)− 1 > 0,
and
2[(p− 1)−
13
4
]2 −
1
8
≥ 0.(3.70)
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Note that the equality in (3.70) holds if and only if p = 4. the above information shows
that (3.69) gives a contradiction.
In the latter case, substituting nc(n− p) + 3nc− 2(p− 1) = 0 into (3.64) and (3.66),
respectively, we obtain
e1e1(α) = e
2
1(α) = 0,
which together with (3.65) yields a contradiction as well.
Consequently, we conclude that the mean curvature H must be constant. Therefore,
biharmonic hypersurfaces with three distinct principal curvatures in En+1 have to be
minimal.
In conclusion, we can state the main theorem in the following.
Theorem 3.4. Every biharmonic hypersurface with three distinct principal curvatures
in a Euclidean space with arbitrary dimension is minimal.
Remark 3.5. Remark that the approach in this paper is self-contained from a struc-
tural point of view, and it maybe provide better insight into the structure of biharmonic
hypersurface. With this method, one could consider hypersurfaces with four distinct
principal curvatures or the higher codimension cases of Chen’s conjecture.
Finally, we give an application of the main theorem.
Corollary 3.6. Every biharmonic O(p)×O(q)-invariant hypersurface in a Euclidean
space Ep+q is minimal.
O(p)×O(q)-invariant hypersurfaces, that is, invariant under the action of some isom-
etry group O(p) × O(q), were studied in [2]. For an O(p) × O(q)-invariant hypersurface
M in Euclidean space Ep+q, it can be parameterized by
x¯
(
t, φ1, . . . , φp−1, ψ1, . . . , ψq−1
)
=
(
x(t)Φ(φ1, . . . , φp−1), y(t)Ψ(ψ1, . . . , ψq−1)
)
,
where Φ and Ψ are orthogonal parameterizations of a unit sphere of the corresponding
dimension. It is easy to check that M has at most three distinct principal curvatures, see
details in [2]. Hence, by applying Theorem 3.4, we immediately obtain Corollary 3.6.
Acknowledgments
The author would like to express his sincere gratitude to Prof. Ye-Lin Ou for his construc-
tive suggestions, comments and pointing out an application (Corollary 3.6) of the main
Biharmonic hypersurfaces with three distinct principal curvatures 16
result concerning this paper. The author is supported by the Mathematical Tianyuan
Youth Fund of China (No. 11326068), the Natural Science Foundation of China (No.
71271045), Excellent Innovation talents Project of DUFE (No. DUFE2014R26), and
NSF of Fujian Province of China (No. 2011J05001).
References
[1] K. Akutagawa and S. Maeta, Biharmonic properly immersed submanifolds in Eu-
clidean spaces, Geom. Dedicata 164 (2013), 351–355.
[2] H. Alencar, A. Barros, O. Palmas, J. G. Reyes and W. Santos, O(m)×O(n)-invariant
minimal hypersurfaces in Rm+n, Ann. Global Anal. Geom. 27 (2005), 179–199.
[3] L. J. Al´ıas, S. C. Garc´ıa-Mart´ınez, and M. Rigoli, Biharmonic hypersurfaces in com-
plete Riemannian manifolds, Pacific J. Math. 263 (2013), 1–12.
[4] A. Arvanitoyeorgos, F. Defever, G. Kaimakamis, V. Papantoniou, Biharmonic
Lorentz hypersurfaces in E41, Pacific J. Math. 229 (2007), no. 2, 293–305..
[5] A. Balmus, Biharmonic maps and submanifolds, PhD thesis, Universita degli Studi
di Cagliari, Italy, 2007.
[6] A. Balmus, S. Montaldo and C. Oniciuc, Classification results for biharmonic sub-
manifolds in spheres, Israel J. Math. 168 (2008), 201–220.
[7] A. Balmus, S. Montaldo and C. Oniciuc, Biharmonic hypersurfaces in 4-dimensional
space forms, Math. Nachr. 283 (2010), no. 12, 1696–1705.
[8] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds of S3, Internat.
J. Math. 12 (2001), no. 8, 867–876.
[9] R. Caddeo, S. Montaldo and C. Oniciuc, Biharmonic submanifolds in spheres, Israel
J. Math. 130 (2002), 109–123.
[10] B. Y. Chen, Some open problems and conjectures on submanifolds of finite type,
Soochow J. Math. 17 (1991), no. 2, 169–188.
[11] B. Y. Chen, Pseudo-Riemannian Geometry, δ-invariants and Applications. Word Sci-
entific, Hackensack, NJ, 2011.
[12] B. Y. Chen, Recent developments of biharmonic conjectures and modified biharmonic
conjectures, Pure and Applied Differential Geometry-PADGE 2012, 81-90, Shaker
Verlag, Aachen (2013).
Biharmonic hypersurfaces with three distinct principal curvatures 17
[13] B. Y. Chen, some open problems and conjectures on submanifolds of finite type:
recent development, Tamkang J. Math. 45 (1) (2014), 87–108.
[14] B. Y. Chen, Geometry of Submanifolds, Dekker, New York, 1973.
[15] B. Y. Chen, Total Mean Curvature and Submanifolds of Finite Type, World Scientific,
New Jersey, 1984.
[16] B.-Y. Chen and S. Ishikawa, Biharmonic surfaces in pseudo-Euclidean spaces, Mem.
Fac. Sci. Kyushu Univ. A 45 (1991), 323–347.
[17] B. Y. Chen and S. Ishikawa, Biharmonic pseudo-Riemannian submanifolds in pseudo-
Euclidean spaces, Kyushu J. Math. 52 (1998), 1–18.
[18] B. Y. Chen and M. I. Munteanu, Biharmonic ideal hypersurfaces in Euclidean spaces,
Differential Geom. Appl. 31 (2013), 1–16.
[19] F. Defever, Hypersurfaces of E4 with harmonic mean curvature vector, Math. Nachr.,
196 (1998), 61–69.
[20] I. Dimitric´, Quadric representation and submanifolds of finite type, Doctoral thesis,
Michigan State University, 1989.
[21] I. Dimitric´, Submanifolds of En with harmonic mean curvature vector, Bull. Inst.
Math. Acad. Sin. 20 (1992), 53–65.
[22] Y. Fu, Biharmonic hypersurfaces with three dinstinct principal curvatures in E5, J.
Geom. Phys. 75 (2014), 113–119.
[23] T. Hasanis and T. Vlachos, Hypersurfaces in E4 with harmonic mean curvature vector
field, Math. Nachr. 172 (1995), 145–169.
[24] G. Y. Jiang, 2-Harmonic maps and their first and second variational formulas, Chin.
Ann. Math. Ser. A 7(1986), 389–402.
[25] G. Y. Jiang, Some non-existence theorems of 2-harmonic isometric immersions into
Euclidean spaces, Chin. Ann. Math. Ser. A 8(1987), 376–383.
[26] Y.-L. Ou, Biharmonic hypersurfaces in Riemannian manifolds, Pacific J. Math. 248
(2010), 217–232.
[27] Y.-L. Ou, Some constructions of biharmonic maps and Chen’s conjecture on bihar-
monic hypersurfaces, J. Geom. Phys. 62 (2012), 751–762.
Biharmonic hypersurfaces with three distinct principal curvatures 18
[28] Y.-L. Ou and L. Tang, On the generalized Chen’s conjecture on biharmonic subman-
ifolds, Michigan Math. J. 61 (2012), 531–542.
School of Mathematics and Quantita-
tive Economics
Dongbei University of Finance and
Economics
Dalian 116025, P. R. China
E-mail address: yufudufe@gmail.com
